Abstract. We consider the polar properties of the ferroelectric nanotubes within the framework of Landau-Ginzburg-Devonshire phenomenology. The approximate analytical expression for the paraelectric-ferroelectric transition temperature dependence on the radii of nanotube, polarization gradient, extrapolation length, elastic stresses and strains arising from surface tension and thermal expansion mismatch, and electrostriction coefficient was derived. We calculated effective local piezoresponse of the ferroelectric nanotube within decoupling approximation of electric and elastic problem. Obtained results explain the ferroelectricity conservation in Pb(Zr,Ti)O 3 and BaTiO 3 nanotubes observed by using Piezoelectric Force Microscopy.
Introduction
Ferroelectric nanotubes and nanorods are actively studied in nano-physics and nano-technology [1] [2] [3] [4] [5] . In many cases they demonstrate such polar properties as remnant polarization [1] and local piezoelectric hysteresis [3] [4] [5] .
It is generally accepted, that the ferroelectric properties disappear under the particle size decreases below the critical one [6] . Actually, it is well known that depolarization electric field exists in the majority of confined ferroelectric systems [7] and causes the sizeinduced ferroelectricity disappearance in thin films and spherical particles [8] .
However, the cylindrical geometry does not destroy ferroelectric phase (in contrast to size-induced paraelectric phase in spherical particles [9] [10] [11] [12] [13] [14] [15] ), but sometimes the noticeable enhancement of ferroelectric properties appears [1] [2] [3] [4] [5] 16] . For instance, Yadlovker and Berger [1] reported about the spontaneous polarization enhancement up to 0.25-2 µC/cm 2 and ferroelectric phase conservation in Rochelle salt nanorods. With the help of Piezoelectric Force Microscopy (PFM), Morrison et al. [4, 5] demonstrated that PbZr 0.52 Ti 0.48 O 3 (PZT) nanotubes (radius R = 500-700 nm, thickness h = 50-70 nm, length 50 µm) possesses rectangular shape of the local piezoelectric response hysteresis loop with effective remnant piezoelectric coefficient value compatible with the ones typical for PZT films. Also, the authors demonstrated that the ferroelectric properties of the free BaTiO 3 nanotubes are perfect. Poyato et al. [17] with the help of PFM found that nanotube-patterned ("honeycomb") BaTiO 3 film of thickness 200-300 nm reveal ferroelectric properties. The inner diameter of the nanotubes ranged from 50 to 100 nm. Also, they demonstrated the existence of local piezoelectric and oriented ferroelectric responses, prior to the application of a dc field, in nanotubes-patterned BaTiO 3 thin films on Ti substrates synthesized hydrothermally at 200 °C. The phenomenological description of ferroelectricity enhancement in cylindrical nanoparticles has been recently proposed [18] [19] [20] .
In our consideration of ferroelectric nanotube, we suppose that a nanoparticle surface is covered with a charged layer consisted of the free carriers adsorbed from the ambient (e.g., air with definite humidity or pores filled with a precursor solution). For instance, a thin water layer condensates on the polar oxide surface in the air with humidity 20-50 % [ . The surface charges screen the surrounding template (usually Si or alumina porous matrix [1, 16] or regular 2D photonic crystal [3] [4] [5] ) from the nanoparticle electric field, but the depolarization field inside the particle is caused by inhomogeneous polarization distribution. Thus, one could calculate the depolarization field inside a cylindrical nanoparticle under the short-circuit conditions proposed by Kretschmer and Binder [22] .
For the case when a liquid precursor of ferroelectric (e.g. RS, PZT, SBT or BTO) filled the porous template by capillary effects [1] , the uniform stress inside the pores is caused by surface tension [18] . During the following annealing both the thermal stresses and misfit strain on the tube-pore interface usually appear. In most of cases the stress causes the thin strained layer ("shell") on the tube-pore interface. For instance, Luo et al. [3] and Morrison et al. [4, 5] reported about amorphous PZT layer of thickness ∆h ≈ 5-20 nm that clamped the nanotube crystalline "core". The shell may be partially removed by selective etching.
Using the experimental background, we modified the core-and-shell model of spherical ferroelectric nanoparticles proposed earlier by Niepce et al. [23, 24] and Glinchuk et al. [25] for the description of ferroelectric nanotubes polar properties. Firstly, we obtained the solution of elastic problem for the stress distribution inside the tube covered with thin strained shell. Then the polarization distribution inside the core was obtained and approximate analytical expression for paraelectric-ferroelectric transition temperature dependence on the nanotube thickness and radius, effective stress, polarization gradient and electrostriction coupling coefficients was derived. Note that the stress is caused by the particle surface clamping by template, i.e. it is related to surface tension, thermal expansion and mismatch strain [26] . We proved that the reason of the polar properties enhancement and conservation in ferroelectric nanotubes is the stress coupled with polarization via electrostriction effect under the strong decrease of depolarization field with tube length increase. Within decoupling approximation of electric and elastic problem [27, 28] , we calculated the tube PFM response and compared calculations with available experimental data.
Free energy of a nanotube in the core and shell model
Let us consider the ferroelectric cylindrical nanotube of outer radius R o , inner radius R i , thickness h = R o -R i and height l (see Fig. 1 ). The tube "core" of thickness h -∆h is covered with thin amorphous "shell" of thickness ∆h << h. The core polarization P 3 is oriented along zaxes. The external electric field is [18] , where the coefficient µ could be related to the effective surface tension. During the following thermal annealing the cubic structured or even amorphous shell layer of thickness ∆h << R o appears at the nanotube-template interface. The nanotube crystalline core is strained allowing for the thermal expansion and growth deformations as well as the surface tension frozen up inside the shell. Even after the template removal, the internal strain , whereas the core strain is determined by the thermal expansion only, i.e. 
Material coefficients δ > 0 and γ > 0, coefficient β < 0 for the first order phase transitions or β > 0 for the second order ones. The depolarization field is denoted 
Here, parameters T C and Q ij are respectively the Curie temperature and electrostriction coefficient of the bulk material; α T is proportional to the inverse Curie constant.
Note that under the condition R o,i → ∞ the renormalization given by Eqs. (3)- (4) coincides with the ones obtained for thin strained films by Pertsev et al. [30] allowing for stress relaxation [31] , namely 12 11 , here ∆h could be related with characteristic distance h d of stress relaxation and ∆u → u m . In other words, we obtained that the stress relaxation occurs inside the shell. When ∆h → 0 the nanotube crystalline core appeared almost unstrained, i.e. σ ≈ 0.
The surface part of the polarization-dependent free energy G S is thought to be proportional to square of polarization on the particle surface S, namely
(λ is the extrapolation length [8, 9] ).
The considered nanotube has upper and bottom surfaces z = l / 2, z = -l / 2 and sidewalls ρ = R i , ρ = R o -∆h, so its surface energy G S acquires the form:
We introduced longitudinal and lateral extrapolation lengths λ b ≠ λ S . Hereinafter, we regard these extrapolation lengths positive.
Variation of the free energy expression δG / δP 3 = 0 yields the Euler-Lagrange equations with the boundary conditions on the tube faces z = ±l / 2 and the sidewalls ρ ≈ R o,i . Under the presence of lattice pinning of viscous friction type, the polarization distribution should be found from Landau-Khalatnikov equation δG / δP 3 = - 
The polarization distribution in the ferroelectric phase should be found by direct variational methods allowing for possible polydomain states appearance in confined particles. At (λ S / R o ) << 1 an exact series for the polarization and depolarization field distributions can be obtained [18] . The inequality (λ S / R o ) << 1 is valid for typical extrapolation lengths λ S = 0.3-5 nm and radii R o = 30-500 nm.
Substituting the series for depolarization field and polarization into the free energy G and integrating over nanoparticle volume, we obtained the free energy with renormalized coefficients for the average polarization. For infinite tubes and wires, the single-domain state is energetically preferable, since the depolarization field is absent and correlation energy is minimal for single-domain case. The depolarization field is highest for a single-domain nanotube, namely its upper estimation has the form: (x) and N 0 (x) are Bessel and Neiman functions of zero order, respectively). It should be noted that the depolarization field is absent outside the particles in the framework of our model. Therefore, the interaction of such nanoparticles is practically absent due to the screening. Their composite can be considered as the assembly of independent particles. For finite polydomain tubes, only numerical simulations have been performed. However, simple approximate analytical expression for the free energy renormalized coefficients has been obtained for the infinite single-domain tubes. We report the results below.
Phase diagram of the long nanotubes
We derived the interpolation for the paraelectricferroelectric transition temperature 
An expression for the stress σ(R o , R i ) is given by Eqs (1). The first term in Eq. (9) is the bulk transition temperature, the second term is related to the coupling of stress with polarization via electrostriction effect, the third term is caused by correlation effects. The correlation term is always negative and thus only decreases the transition temperature, whereas the electrostriction term in Eq. (9) could be positive or negative depending on the sign of (Q 11 + Q 12 )σ. Note that both signs of (Q 11 + Q 12 ) are possible for different ferroelectrics, however (Q 11 + Q 12 ) > 0 for most of the perovskite ferroelectrics. Below, we demonstrate that increasing of transition temperature and thus ferroelectric properties conservation or even enhancement is possible, when the stress is compressive (σ < 0) and depolarization field is small enough.
Taking into account that the correlation radius at zero temperature is several (up to ten) lattice constants nm
(see, e.g., experimental data of Rodriguez et al. [32] ) and using expression (1) for the stress, we introduced the parameters and dimensionless variables that correspond to the lattice constant units: 
Using approximate formula
where x = r i / r o one can write in dimensionless variables:
Let us make some estimations of the second and third terms in Eq. (11) Fig. 2b . It is clear that nanotube compression leads to the maximum T max > T C on transition temperature thickness dependence and to the corresponding enhancement of spontaneous polarization P 3 (T) > P S (T) in the temperature range T ≈ T max , whereas unstrained and tensiled nanotubes reveal monotonic dependences T CR (w, r i , r o ) < T C with deteriorated polar properties P 3 (T) < P S (T). Let us underline that the height and sharpness temperature maximum observed for compressed tubes decreases under the decrease of shell layer thicknesses ∆w.
For the important case of thin tubes (w << r i ) one obtains from Eq. (11):
Under the condition R m < 0, the second term tends to increase T CR , while the third one always decreases it. At R m < 0, the competition between the contribution of strain effect represented by the second term and the correlation effect represented by the third one leads to the maximum appearance in T CR (w) dependence, namely: For thin tubes, we also obtained simple analytical expressions for the critical radius at given temperature T: Sign "+" before the radical in Eq. (14) corresponds to the both cases of unstrained, tensiled or compressed tubes (i.e., both signs of R m ), while both signs "±" have sense for compressed tubes (i.e. two roots may exist at R m < 0) under the condition T > T C .
Finally let us discuss the influence of quartic term renormalization β R given by Eq. (4) on nanotubes phase diagrams in the particular case of the first order phase transitions in bulk material, i.e. when β < 0. Since 
Piezoelectric force microscopy response of ferroelectric nanotubes
Recently Morrison et al. [4, 5] [33] [34] [35] . Extending the results of Refs. [35, 37] for an empty tube embedded into non-piezoelectric matrix, we obtained that ( ) Fig. 4a ). In the approximation of effective point charge Q simulating the probe electric field, the distance between the sample surface and the effective point charge is 33 , Table 2 of Appendix A.
It is clear that obtained values of E Q (0,0) is in order of magnitude higher than thermodynamic coercive field c E . The result is expectable, since in order to reverse the polarization inside the domain the PFM tip field should be higher than the coercive one not only just below the tip (z = 0, ρ = 0) but also inside the layer of depth about d Q (typical penetration depth of piezoresponse) [36, 37] 
Conclusions
• We reported ferroelectricity conservation and enhancement in long perovskite nanotubes compressed by their shell in contrast to ferroelectricity degradation in perovskite nanotubes tensiled by their shell. We demonstrated the stress-induced change of the ferroelectric phase transition order.
• The anisotropic stress as well as depolarization field decrease in long nanotubes are the keys to the ferroelectricity conservation. While the influence of depolarization field is obvious, the role of radial stress can be qualitatively understood as follows: although the radial stress conserves the inversion center, it leads to the shortrange forces strengthening in lateral direction (caused by the bond contraction) and their weakening in z-direction (caused by the bond elongation). As a result, the longrange correlations become more pronounced in polar direction in comparison with the short-range forces.
• We calculated the tube PFM response and demonstrated reasonable agreement with available experimental data.
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Appendix A. Free energy with coefficients renormalized by elastic stresses
Let us consider the nanotube with sidewalls covered with thin surface layers (shell). The free energy expansion on polarization ) , 0 , 0 ( 2   0  2  12   2  13   2  23  44  22  33  33  11  22  11  12   2  33   2  22   2  11  11  33  22  11   2  3  22  11  12   2  3  33 
Subscripts 1, 2 and 3 denote Cartesian coordinates x, y and z, respectively. Hereinafter, we use Voigt notation or matrix notation when it is necessary (xx = 1, yy = 2, zz = 3, zy = 4, zx = 5, xy = 6).
The internal isotropic strain . Hereinafter, superscripts "s"
and "c" are related to the shell and core material, respectively. We will use them when necessary.
Minimization of the free energy (A.1) on stress components leads to the following equations of state: on the free surface and conditions of continuity at interfaces. Let us introduce the cylindrical coordinates (ρ, ψ, z) with z-axis coinciding with tube symmetry axis. Due to the axial symmetry of the system, only ρ-and zcomponents of displacement are nonzero, u ρ and u z . In the general case, both of them may depend on ρ and z, e.g. for the homogeneous thermal expansion
At the first approximation, we suppose that both displacement components depend only on one coordinate, namely u ρ (ρ) and u z (z). Then, we try to find a general solution from the conditions of mechanical equilibrium that satisfies all the boundary conditions.
For the given ansatz, the deformation tensor nontrivial components are ,  2   2  3  12  12  11  11   12  11  12  11   2  3  12  11  12  11  12  12  11   12  11  2  12  11  12   2  3  12  11  12  11  12  12  11   12  11  2  12  11 
